Motivated by the recent observation of double charm quark pair production by the Belle Collaboration, we calculate the complete O(α 2 s ) inclusive production cross sections for η c , J/ψ, and χ cJ (J=0, 1, 2) plus cc in e + e − annihilation through a virtual photon. We consider both color-singlet and color-octet contributions, and give the analytical expressions for these cross sections. The complete color-singlet calculations are compared with the approximate fragmentation calculations as functions of the center-of-mass energy √ s. We find that most of the fragmentation results substantially overestimate the cross sections (e.g. by a factor of ∼4 for χ c1 and χ c2 ) at the Belle and BaBar energy √ s = 10.6GeV. The fragmentation results become a good approximation only when √ s is higher than about 100GeV. We further calculate the color-octet contributions to these cross sections with analytical expressions. We find that while the color-octet contribution to J/ψ inclusive production via double charm is negligible (only about 3%), the color-octet contributions to χ c1 and χ c2 can be significant.
Introduction
Charnonium is one of the simplest quark-antiquark composite particles. Charmonium physics has played an important role in the study of Quantum Chromodynamics (QCD) both perturbatively and nonperturbatively, since the first charmonium state J/ψ was discovered in 1974. During the past decade, the study of charmonium has become more interesting because of the large difference between the predictions of the color-singlet model and the observations of J/ψ and ψ ′ production at several experimental facilities e.g. at the Fermilab Tevatron [1] . The newly developed nonrelativistic QCD (NRQCD) factorization formalism [2] allows the infrared safe calculation of inclusive heavy quarkonium production and decay rates. In the NRQCD production mechanism, a heavy quark-antiquark pair can be produced at short distances in a conventional color-singlet or a color-octet state, and then evolves into an observed quarkonium nonperturbatively. With this color-octet mechanism, one may explain the Tevatron data on the surplus production of J/ψ and ψ ′ at large p T , though puzzles about their polarizations still remain (for a recent review see [3] and references therein).
To further test the color octet mechanism, it is interesting to study the charmonium production in e + e − annihilation. The J/ψ inclusive production in e + e − annihilation has been investigated within the color-singlet model [4, 5, 6] and the color-octet model [7, 8, 9] . The angular distribution and energy distribution of color-singlet J/ψ production at √ s = 10.6 GeV have been discussed in [6] . In [7] it is found that a clean signature of the coloroctet mechanism may be observed in the angular distribution of J/ψ production near the end point region. In [8] contributions of various color-octet as well as color-singlet channels to the J/ψ production cross sections are calculated in a wide range of e + e − collider energies. Moreover, the J/ψ polarizations are predicted in [9] . Recently, BaBar [11] and Belle [12] have measured the direct J/ψ production in continuum e + e − annihilations at √ s = 10.6 GeV.
The total cross section and the angular distribution seem to favor the NRQCD calculation over the color-singlet model [11] , but some issues (e.g. about the momentum distribution and polarization of J/ψ) still remain. The situation has become even more complicated due to the very recent observation for the double cc production associated with J/ψ by Belle [13] . The measured exclusive cross section for e + + e − → J/ψ + η c process is an order of magnitude larger than the theoretical value [14] , and the measured inclusive cross section for e + + e − → J/ψ + cc (∼0.9 pb) [12, 13] is more than five times larger than NRQCD predictions which are only about 0.1-0.2 pb [6, 8, 9, 10] taking into account the differences in the values of the input parameters or methods. Among other attempts to solve the J/ψcc inclusive production problem [15, 16] , e + e − annihilation into two photons was also studied [17, 18] , but the two photon contribution turned to be negligible at √ s = 10.6GeV, though it could prevail over one photon contribution at higher energies (say, √ s > 20GeV) [17] .
The double cc production associated with J/ψ (both exclusively and inclusively) is very puzzling and needs a better understanding for both perturbative and nonperturbative QCD. On the other hand, experimentally, it is not clear whether the copious (even dominant) double cc production will also happen for charmonium states other than J/ψ, such as η c and χ cJ (J=0, 1, 2). Among them the χ c1 and χ c2 are more interesting since they have large branching fractions decaying into J/ψ + γ and might be easier to be detected. In fact, in Ref. [12] the inclusive production for χ c1 and χ c2 was searched for with the available integrated luminosity of about 30 fb −1 at Belle. As more data are collected in the near future at B factories we hope that more accurate measurements for the P-wave and other S-wave charmonium states will be possible. These measurements will be helpful to clarify the problems associated with J/ψ double cc production.
On the theoretical side, the calculations for inclusive S-wave and P-wave charmonia production via double cc are necessary in the framework of NRQCD, including both the color-singlet and color-octet contributions. When we know the differences between NRQCD predictions and experimental data, we will have to further consider other mechanisms and methods in QCD to explain the differences. This paper is organized as follows. In Section 2, we will calculate the complete O(α 2 s ) color-singlet inclusive production cross sections for η c and χ cJ (J=0,1,2) (along with J/ψ) via double cc in e + e − annihilation through a virtual photon. Then we will compare the complete calculation with the calculation obtained in the charm quark fragmentation limit, and give their ratio as functions of the center-of-mass energies and determine the energy scales at which fragmentation approximations become reliable. In section 3, we will further estimate the color-octet contributions to J/ψ and χ cJ inclusive cross sections via double charm. Finally, we summarize our results in section 4.
2 Color-singlet contribution to charmonium production via double cc in e
The quarkonium can be described in term of Fock states superposition within the NRQCD framework as follows
where the superscript 1 or 8 labels the color configuration of the Fock Components. Following the nonrelativistic QCD (NRQCD) factorization formalism, the scattering amplitude of the process e Fig. 1 and Fig. 2 is given by
where cc(
) is the intermediate cc pair produced at short distance, which subsequently evolves into a specific charmonium state at long distance, A α is the derivative of the amplitude with respect to the relative momentum between the quark and anti-quark in the bound state. For the case of color-singlet state, the coefficient C L can be related to the origin of the radial wave function (or its derivative) of the bound state as
The spin projection operator can be defined as [19] P SSz (p; q) ≡
We list the spin projection operators and their derivatives with respect to the relative momentum, which we will use in the calculations, as
For P-wave states we need further relations to reduce the polarizations
where M is the mass of the charmonium, which equals to 2m c in the nonrelativistic approximation. The calculation of cross sections for e − + e + → γ * → charmonium +cc is straightforward. Using the definition in Ref. [6] we get the differential cross section as follows
where L=S for S-wave, L=P for P-wave and z = 2E J/ψ / √ s. The functions S(z) and α(z)
for different charmonium states are given in the Appendix. With Eq. (10) we can evaluate the inclusive cross sections for η c , J/ψ and χ cJ . The input parameters used in the numerical calculations are [20] m e = 0, m c = 1.5 GeV, α s (2m c ) = 0.26, α = 1/137,
Now we give the numerical results at the Belle and BaBar energy √ s = 10.6 GeV.
σ(e + + e − → γ * → χ c0 + cc) = 48.8 fb (15) σ(e + + e − → γ * → χ c1 + cc) = 13.5 fb (16)
The J/ψ production rate is in agreement with other references [6, 8, 9] after taking into account the differences in the values of the input parameters. In the z ≫ δ limit, where δ is defined as 4m c / √ s, the approximate fragmentation results will be equivalent to the complete calculations. This is another check for the validity of the complete calculation. Here the fragmentation cross sections are written as
where D(z) are the charm quark fragmentation functions into S-wave [21] or P-wave [22] charmonia.
The cross sections obtained in the complete calculation and in the fragmentation approximation as functions of the center-of-mass energies are plotted in Fig. 3-7 . All these cross sections are in units of σ cc = σ(e + + e − → γ * → cc), the cross section for e + e − annihilating into the cc quark pair, times 10 −4 . One can find that the cross sections in complete calculations and fragmentation approximations (all in units of the cross section for e + e − annihilating to the cc pair) are proportional to the fragmentation probabilities for the charm quark fragmentating into charmonia when the δ ≪ 1 limit is valid. This is just what the fragmentation approach describes. The results in these figures show that except for χ c0 , the differences between fragmentation results and complete calculations are large at low energies. At the Belle and BaBar energy √ s=10.6GeV, the ratios of complete calculations to fragmentation calculations are
= 0.28, 0.58, 0.25, 0.25 (19) for η c , J/ψ, χ c1 , and χ c2 respectively. As the center-of-mass energy increases, the ratios of complete calculations to fragmentation results increase and can reach to 90% when the center-of-mass energy is over 100 GeV. Moreover, the cross sections are rather sensitive to the input parameters. If we choose α = 1/134, α s = 0.28, and m c = 1.48GeV at √ s = 10.6GeV, the cross sections for η c , J/ψ, and χ cJ (J=0,1,2) become 77.0fb, 192fb, 64.2fb, 18.3fb, 8.48fb respectively.
3 Color-octet contribution to J/ψ and χ cJ production via double cc in e
We next estimate the color-octet contribution to J/ψ and χ cJ production via double cc in e + e − annihilation. The Feynman diagrams are showed in Fig 1 and Fig 2. In Fig. 1 , the charmonium comes from the color-octet mediate states cc( 2S+1 L
J ) by emitting soft gluons at long distances. Here the color-octet contribution can be obtained from the corresponding color-singlet contribution divided by a factor of
> can be extracted from the Tevatron data for J/ψ and χ cJ production (see Ref. [24] for detailed discussions). Accordingly, with some unavoidable uncertainties we set them as
With these values of the matrix elements, the color-octet contributions to J/ψ and χ cJ in Fig. 1 are about at least two orders of magnitude smaller than the color-singlet contributions, and therefore are negligible. In Fig. 2 the color-octet contributions come from four different (the upper two and the lower two) diagrams. With their contributions (including the interference terms), the differential cross section reads
where |M | 2 takes the form
The numerical results can be obtained by using the parameters given above, and are
The color-octet contribution to J/ψ is only 3% of the color-singlet cross section. For χ c1 , the color-octet contribution is significant, which is about 32% of the color-singlet cross section. With the approximation of heavy quark spin symmetry, the contributions of color octet 3 S 1 to χ cJ (from color-octet 3 S 1 mediate state to color-singlet 3 P J final state by E1 transition) satisfy the ratio 1 : 3 : 5 for J = 0, 1, 2 respectively. Their values are given by
We show the angular distribution and energy distribution for χ c1 in Fig 8 and Fig 9. One can see that the color-octet contribution enhances the differential cross section significantly in the low energy (small z) region.
Conclusion
In summary, we have calculated the complete O(α 2 s ) inclusive production cross sections for η c , J/ψ, and χ cJ (J=0, 1, 2) plus cc in e + e − annihilation through a virtual photon. We consider both color-singlet and color-octet contributions, and give the analytical expressions for these cross sections. The complete color-singlet calculations are compared with the approximate fragmentation calculations as functions of the center-of-mass energy √ s. We find that most of the fragmentation results substantially overestimate the cross sections (e.g. by a factor of ∼4 for χ c1 and χ c2 ) at the Belle and BaBar energy √ s = 10.6GeV. The fragmentation results become a good approximation only when √ s is higher than about 100GeV. We further calculated the color-octet contributions to these cross sections with analytical expressions. We find that while the color-octet contribution to J/ψ inclusive production via double charm is negligible (only about 3%), the color-octet contributions to χ c1 and χ c2 can be significant. These results may serve as NRQCD predictions to compare with the experimental data observed or to be observed at Belle and BaBar.
In this Appendix, we give the functions of S and α which are defined in Eq. (10). 
